Abstract. In this paper, we prove a conjecture of Broadhurst and Zudilin concerning a divisibility property of the Fourier coefficients of a meromorphic modular form using the generalization of the Shimura lift by Borcherds and Hecke operators on vector-valued modular forms developed by Bruinier and Stein. Furthermore, we construct a family of meromorphic modular forms with this property.
Introduction.
Let f be a weakly holomorphic modular form with the Fourier expansion n≫−∞ a(n)q n z , where q z := e(z) := e 2πiz for z in the upper-half complex plane H. Suppose f has weight 2, level 1 and integral Fourier coefficients. Then it possesses the following divisibility property (1.0.1) n | a(n) for all n ∈ N.
Indeed, it is the image of a polynomial in the Klein j-invariant with integral coefficients under the differential operator q d dq
. More generally, one can apply this derivative k − 1 times to weakly holomorphic modular forms of weight 2 − k to produce forms of weight k with this property (see e.g. [14] ). The same phenomenon in the half-integral weight case has also been studied [10, 13, 24] .
In [2] , Ausserlechner studied how the output voltage of a Hall plate is affected by the shape of the plates and sizes of the contacts, where he encountered a double integral generalizing the classical elliptic integral used to evaluate the arithmetic geometric mean. In [4] , Broadhurst and Zudilin studied this integral I 2 (f ) in detail and showed that it satisfies differential equation, whose constant term is the following modular form φ(z) := (η(2z)η(4z)) 4 1 − 96ψ(2z) + 256ψ(2z)
2
(1 + 16ψ(2z) . The numbers a(n) are a priori integers. From numerical computations, Broadhurst and Zudilin made the following conjecture.
Conjecture 1.1 (Conjecture 1 of [4] ). The meromorphic modular form φ(z) satisfies (1.0.1).
On the one hand, the conjecture above seems like a natural and expected extension of (1.0.1) for weakly holomorphic forms. On the other hand, p 3 ∤ a(p) for every odd prime p (see (1.0.9)). Therefore, unlike elements of the bases in [9] , φ does not come from applying the operator (q d dq
)
3 to a modular form of weight −2, which makes this conjecture surprising. In this note, we will prove this conjecture by first realizing φ(z) as the regularized theta lift of a half-integral weight, vector-valued modular form. In [18] , Shimura initiated the study of modular forms of half-integral weight, and showed they correspond to modular forms of integral weight. This is called the Shimura lift. Using techniques introduced by Shintani [19] , Niwa expressed the Shimura lift of a holomorphic, half-integral weight modular form as its integral against a suitable theta kernel [17] . In [3] , Borcherds expanded the input space to include vector-valued modular forms on the metaplectic cover Mp 2 (Z) of SL 2 (Z) with singularities at the cusps. This will be the setting that we work in.
To describe the vector-valued input, we need the following 3-dimensional representation
where ζ 8 := e 2πi/8 is an 8 th root of unity, and T, S are the generators of Mp 2 (Z) (see (2.1.1)). It is isomorphic to a subrepresentation of the 64 dimensional Weil representation ρ L associated to a particular lattice L (see section 2.3). Let {e ℓ : ℓ = 0, 1, 2} be the standard basis of C 3 . Note that if we scale e 1 by √ 2, then the representation ̺ becomes unitary with respect to the standard inner product on C 3 . If q := e(τ ) with τ ∈ H, then the action of ̺(T ) implies that any modular form G in M and define the formal power series
which converges absolutely for y := Im(z) sufficiently large, and analytically continues to a meromorphic function in z ∈ H, which we also denote by Φ(z, G). Our first result is as follows.
Theorem 1.2. In the notation above, the function
is the extension of Γ 0 (8) by the matrices R, U, W defined in (2.3.8) and χ is the character in (2.4.4) In particular, there exists a unique
Remark 1.3. Using SageMath [20] , it is easy to check that M 4 (Γ 0 (8)) is 5-dimensional, with a W -eigenbasis consisting of 4 Eisenstein series and 1 cusp form. The Eisenstein series are E 4 (z) ± 64E 4 (8z) and E 4 (2z) ± 4E 4 (4z) with E 4 ∈ M 4 the Eisenstein series of weight 4. Among the eigenbasis, only E 4 (z) − 64E 4 (8z) and E 4 (2z) − 4E 4 (4z) have W -eigenvalue −1. From their Fourier expansions, it is clear that the only linear combination with R-eigenvalue −1 is 0. Therefore, M 4,χ (Γ + 0 (8)) is trivial. To prove the conjecture, it is necessary to study the integral structure of M ! 5/2,̺ . In section 2.4, we will see that ̺ can be realized as a rational subrepresentation of a Weil representation ρ L attached to the lattice L in section 2.3. Therefore, the Z-module M 
for all m ∈ N and square-free d ∈ N.
From the definition of the map Φ, it is clear that Theorems 1.2 and 1.4 together imply Conjecture 1.1, i.e., n|a(n). In fact the Hecke theory allows us to study the coefficients a(n) modulo n 3 . For instance Corollary 3.6 implies that
for every odd prime p. Furthermore, this puts φ 1 (z) = −4φ(z) into a family of modular forms 8) ) that all satisfy the divisibility property (1.0.1). It is worth mentioning that the phenomenon of Zagier duality [22, 24] is also present between this basis and the canonical basis of the free Z-module M 
In fact numerically, also ∆(z)/E 4 (z) 2 satisfies (1.0.1). It is ongoing work of the authors to remove the factor 64 from the above theorem. This note is organized as follows. In section 2, we give the preliminaries concerning vectorvalued modular forms as input to Borcherds' lift and prove Theorem 1.2 as a special case of Borcherds' result. In section 3, we construct the family {G d }, prove Conjecture 1.1, and give some numerical data of the Fourier expansions of the bases.
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Preliminaries.
In this section we will introduce the vector-valued theta liftà la Borcherds [3] .
2.1. Vector-Valued Modular Forms. Denote H * := H ∩ P 1 (Q) the extended upper half plane, which is acted on by SL 2 (R) via linear fractional transformation. Let Mp 2 (R) be the metaplectic cover of SL 2 (R) consisting of pairs (γ, ϕ), where γ = ( a b c d ) ∈ SL 2 (R) and ϕ is a holomorphic function on H satisfying ϕ(τ ) 2 = (cτ + d). We denote the preimage of SL 2 (Z) in Mp 2 (R) under the covering map by Mp 2 (Z), which is generated by (2.1.1)
Here we take the principal branch of the square root. Z with respect to a unitary representation ρ : Γ → GL(W ) on a finite dimensional C-vector space W if it satisfies
for all (γ, ϕ) ∈ Γ. We use M mero k,ρ (Γ) to denote the vector space of these meromorphic modular forms. It contains the subspaces
of weakly holomorphic, holomorphic, and cuspidal modular forms.
When k ∈ Z, it is necessary for ρ to factor through the image of Γ in SL 2 (Z), and we replace Γ with its image in SL 2 (Z) in the above notation. Also, we drop the subscript ρ, resp. Γ, if it is 1-dimensional and trivial, resp. Mp 2 (Z). For N ∈ N, we denote by Γ * 0 (N) the extension of the congruence subgroup Γ 0 (N) by Atkin-Lehner operators [1] A common type of representation comes from arithmetic. Let L be an even, integral lattice with quadratic form Q. Let (b
which is unitary with respect to the hermitian inner product in (2. 
0 be the real vector space of 2 by 2 matrices with trace 0. It becomes a real quadratic space of signature (2, 1) with respect to the quadratic form Q := −N · det for any natural number N. The group GL 2 (R) acts isometrically on V R via conjugation, which is explicitly given by
. This identifies SL 2 (R) with Spin(V R ) and PSL 2 (R) with SO + (V R ), the connected component of the special orthogonal group SO(V R ) containing the identity. For any γ ∈ SL 2 (R), we also use γ to represent its image in SO + (V R ). Let D be the symmetric space of oriented negative lines in V R and
)} always span a positive definite 2-plane in V R and its orthogonal complement is an element of D 0 . Furthermore,
which is even integral with respect to the quadratic form Q = −2 · det with dual lattice
The real quadratic space L R has signature (2, 1). It is not hard to see that L is the direct sum of the following two sublattices L 1 and L 2 of signatures (1, 1) and (1, 0): For j = 1, 2, let A j be the finite quadratic module L ∨ j /L j and ρ, ρ j be the Weil representations associated to L, L j respectively. Then A j ⊂ A and A = A 1 ⊕ A 2 , which induces
We also identify A 1 , resp. A 2 , with (Z/4Z) 2 , resp. Z/4Z, by sending (a, 0, c), Note that Γ * 0 (2) ⊂ SL 2 (R) is obtained from Γ 0 (2) by adjoining the Fricke-involution
. Consider the following elements in SL 2 (R) (2.3.8)
Then their images in PSL 2 (R), along with Γ L , generate SO + (L), which is called the group of Atkin-Lehner operators. This is a reasonable name since if L is the lattice studied in [5] , then Γ L , resp. SO + (L), is isomorphic to the image of the congruence subgroup Γ 0 (N) ⊂ SL 2 (Z), resp. Γ * 0 (N), in PSL 2 (R). We denote the preimage of SO O
The same holds for the free Z/4Z-modules A 1 , A 2 , and we can then define SO(A), resp. SO(A j ), as the subgroup of O(A), resp. O(A j ), consisting of the elements with determinant 1 mod 4. Let ν be the negative identity matrix, which is contained in all three orthogonal groups above. It is even in SO(A 1 ) since A 1 has even rank.
There is a natural map SO(L)/Γ L ֒→ SO(A). By checking every element in the finite group SO(A), we know that this map is an isomorphism. We abuse the notation slightly by using R, U, W to represent the images of the elements in (2.3.8) under this map. It is now easy to check that R, U, W all have order 2 and U = W RW. Therefore, the group SO + (L)/Γ L is the wreath product of Z/2Z by Z/2Z, which is isomorphic to the dihedral group χ is three dimensional and we identify it with C 3 using the basis of orthogonal vectors {e ℓ : ℓ = 0, 1, 2} given by (2.4.7)
After composing with the map SO
e ℓ := |O(A)| · ̟(e (1,1,ℓ) ).
After a straightforward calculation, we see that ρ becomes the representation ̺ in ( 
Let ̺ j denote the restriction of ρ j to the subspace
the projection defined as in (2.4.5) for j = 1, 2. The same analysis as before shows that C[A j ] χ j has dimension 3 and 1 for j = 1, 2 respectively. Therefore, ̺ 2 is a character of Mp 2 (Z) given by (2.4.10)
By considering the dimensions, we see that this is in fact an equality, and intertwines the representations ̺ 1 ⊗ ̺ 2 and ̺. We can now identify C[A 1 ] χ 1 and C[A 2 ] χ 2 with C 3 and C respectively via the bases
(2.4.11)
Then b ℓ ⊗ e = e ℓ for ℓ = 0, 1, 2 and the equality
With respect to the basis {b ℓ : ℓ = 0, 1, 2}, the representation ̺ 1 has the matrix representation (2.4.12) 
When m < 0, the following analytic subset of H
is Γ L -invariant and descends to an algebraic divisor on Γ L \H. Note that Z m,h is empty when m > 0. The singularities of Borcherds lifts are supported on these divisors, which are called Heegner divisors. For a function to be a regularized theta lift, it is then necessary for it to have singularity along Heegner divisors of a certain lattice. In our case, the singularity of φ appears at z = z ± . It is straightforward to check that
We now have the following lemma. 2.6. Additive Borcherds' Lift. In [3] , Borcherds extended the input space of theta lift from SL 2 to O(p, q) to include weakly holomorphic, vector-valued modular forms. The outputs are then automorphic forms on orthogonal Shimura varieties with singularities along Heegner divisors. For (p, q) = (2, 1), the orthogonal Shimura variety is again the modular curve, and one can obtain a generalization of the Shimura lift to include weakly holomorphic modular forms (see [8] and [15] ). For the lattice L in section 2.3, Borcherds' result implies Theorem 1.2. Since G is in the χ-isotypic component and
we know that c The action of the orthogonal group on the theta kernel and (2.
, the polar part of the expansion of Φ(z, G) near z = z ± matches exactly with that of φ(z). Therefore, the difference Φ(z,
is zero by Remark 1.3. The existence follows from Serre duality [6] , as there is no non-trivial cusp form in S −1/2,̺ . In fact, we will explicitly construct it in the following section. It is unique since M 5/2,̺ = {0} by Prop. 3.1 below.
Bases, Dualities and Hecke Operators.
In this section, we will construct the Z-basis {G d : d ≡ 1, 3 or 7 mod 8} of M ! 5/2,̺ , and show that it has duality with respect to a Z-basis of M ! −1/2,̺ * , where ̺ * is the unitary dual of ̺, i.e., ̺ * (T ) and ̺ * (S) are the conjugate transpose of ̺(T ) and ̺(S) respectively. Using Hecke operators on vector-valued modular forms [7] , we will prove Conjecture 1.1.
Two Bases of Modular Forms.
In the notations of the previous section, we will prove the following result. 
For every D ∈ N congruent to 1, 5 or 7 modulo 8, there exists a unique
To prove this proposition, we will first reduce it to the case of weight one using the presence of the unary theta function
which only vanishes at the cusp infinity. Since tensoring with e gives an isomorphism between
χ as Mp 2 (Z)-modules under the representations ̺ 1 and ̺, we obtain the following lemma.
Lemma 3.2. In the notations above, the following map is an isomorphism of Z-modules
Furthermore, the preimage of M 5/2,̺ under this isomorphism is the trivial subspace M 1,̺ 1 and hence M 5/2,̺ is also trivial. Proof. The first part follows from the argument above. The inverse map is simply dividing by η 3 (τ ) on each component. For the second part, notice that M 5/2,̺ ⊂ S 5/2,̺ and the order of vanishing at each component of any G ∈ M 5/2,̺ is at least q 1/8 . Therefore, the result is still holomorphic after dividing G by η 3 (τ ). For any f = ℓ=0,1,2 f ℓ b ℓ ∈ M 1,̺ 1 , the function f 1 (4τ ) is in the 7-dimensional space M 1 (Γ 1 (16)) with the Fourier expansion
at infinity. A quick calculation with SageMath [20] shows that f 1 is identically zero. Then
implies that f 0 = f 2 . Since f ℓ (τ + 1) = (−i) ℓ f ℓ (τ ), we conclude that f 0 and f 2 are both identically zero. Therefore, M 1,̺ 1 is trivial and so is M 1,̺ 1 ⊂ M 1,̺ 1 . The same procedure shows that S 1,̺ * 1 is trivial and M 1,̺ * 1 is at most one dimensional. We will construct this non-trivial element later.
With the lemma above, it suffices to study the space M
, which has the following property. Proof. The uniqueness easily follows from the previous lemma, where we saw that M 1,̺ 1 and S 1,̺ * 1 are trivial. For the existence, we will give an explicit construction, which can be implemented numerically.
Since ρ 1 is the representation attached to a scaled hyperbolic plane, we will use Lemma 2.6 in [3] to constructg m from scalar-valued modular forms in M ! 1 (Γ 1 (4)). Forg ∈ M ! 1 (Γ 1 (4)) and (a, c) ∈ A 1 , define
Then by the same proof of Lemma 2.6 in [3] , we know that
. For (a, c) = (1, 0), (1, 1) and (1, 2), we can explicitly write B(g) (a,c) as
So the Fourier expansion of B(g) is directly related to those ofg at the three cusps of Γ 1 (4).
To construct the family g m , we start with the Eisenstein series Since M 1,̺ 1 = {0},g 0 must lift to 0 under B and using the Fourier expansions we can check that this is indeed the case. Let ψ be the Hauptmodul from (1.0.3). Then 
